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INTEGRAL REPRESENTATION OF WEIL’S ELLIPTIC
FUNCTIONS
SU HU AND MIN-SOO KIM
Abstract. In this paper, we give a two dimensional analogue of the
Euler-MacLaurin summation formula. By using this formula, we obtain
an integral representation of Weil’s elliptic functions which was intro-
duced in the book “Elliptic functions according to Eisenstein and Kro-
necker”.
1. Introduction
The Hurwitz-Lerch zeta function Φ(z, s, a) is defined by
(1.1) Φ(z, s, a) =
∞∑
n=0
zn
(a+ n)s
for
a ∈ C \ Z−0 ; s ∈ C when |z| < 1; ℜ(s) > k (k ∈ N) when |z| = 1.
Here Z−0 = {0,−1,−2, . . .}, N is the set of positive integers, and C is the
set of complex numbers (see [2]).
Letting z = 1 in (1.1), we have the Hurwitz zeta function
(1.2) ζ(s, a) =
∞∑
n=0
1
(a + n)s
.
Letting a = 1 in (1.2), we obtain the Riemann zeta function
(1.3) ζQ(s) =
∞∑
n=1
1
ns
.
Let P1(x) = B1(x− [x]) = x− [x]− 1/2 be the first periodized Bernoulli
polynomials, and {x} = x − [x] be the fractional part of x. Recently, by
using Euler-MacLaurin summation formula
(1.4)∑
α<n≤β
Φ(n) =
∫ β
α
Φ(x)dx+
∫ β
α
Φ′(x)P1(x)dx+ P1(α)Φ(α)− P1(β)Φ(β),
Coffey [1, p. 81] gave an integral representation of the Hurwitz-Lerch zeta
function Φ(z, s, a) (1.1) as follows.
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Proposition 1.1 (Coffey [1]).
(1.5)
Φ(z, s, a) =
1
as
+
z
2(a+ 1)s
+
∫ ∞
1
zx
(x+ a)s
dx+
∫ ∞
1
[
zx ln z
(x+ a)s
−
szx
(x+ a)s+1
]
P1(x)dx.
SupposeW is a lattice in the complex plane, ω1 and ω2 are two generators
of W , so that W consists of the points w = nω1 +mω2, where n and m are
integers. In his historical book “Elliptic functions according to Eisenstein
and Kronecker” [3], generalizing the Hurwitz zeta functions (1.2) above, A.
Weil [3, p. 14] introduced the following elliptic function:
(1.6) Ek(a,W ) =
∑
w∈W
1
(a + w)k
=
∑
(n,m)∈Z2
1
(a+ nω1 +mω2)k
for a 6∈ W , which is also a generalization of the homogeneous Eisenstein
series defined by
(1.7) Gk(W ) =
∑
06=w∈W
1
wk
=
∑
(n,m)∈Z2\(0,0)
1
(nω1 +mω2)k
.
As pointed out by Weil [3, p. 14], the series (1.6) are absolutely con-
vergent for k ≥ 3. If k = 1 and k = 2, then Eisenstein makes use of a
summatory process which we shall call Eisenstein summation., that is,
(1.8)∑
(n,m)∈Z2
1
(a + nω1 +mω2)k
= lim
M→∞
m=M∑
m=−M
(
lim
N→∞
N∑
n=−N
1
(a+ nω1 +mω2)k
)
.
In order to give an analogue of the above Coffey’s result for Weil’s el-
liptic functions (1.6), in this paper, we shall generalize Euler-MacLaurin
summation formula (1.4) to a two dimensional case.
Proposition 1.2 (Two dimensional summation formula). Suppose Φ(x, y) =
f(a+ xω1 + yω2) ∈ C
2([α1, β1]× [α2, β2]), we have
(1.9)
∑
α2<m≤β2
∑
α1<n≤β1
Φ(n,m) = I1 + I2 + I3 + I4,
where
(1.10)
I1 =
∫∫
[α1,β1]×[α2,β2]
[
Φ(x, y) +
∂Φ(x, y)
∂x
P1(x)
+
∂Φ(x, y)
∂y
P1(y) +
∂2Φ(x, y)
∂x∂y
P1(x)P1(y)
]
dxdy,
(1.11)
I2 =
∫ β2
α2
[
Φ(α1, y)P1(α1)− Φ(β1, y)P1(β1)
+
∂Φ(α1, y)
∂y
P1(y)P1(α1)−
∂Φ(β1, y)
∂y
P1(y)P1(β1)
]
dy,
3(1.12)
I3 =
∫ β1
α1
[
Φ(x, α2)P1(α2)− Φ(x, β2)P1(β2)
+
∂Φ(x, α2)
∂x
P1(x)P1(α2)−
∂Φ(x, β2)
∂x
P1(x)P1(β2)
]
dx,
and
(1.13)
I4 = P1(α2)P1(α1)Φ(α1, α2)− P1(α2)P1(β1)Φ(β1, α2)
− P1(β2)P1(α1)Φ(α1, β2) + P1(β2)P1(β1)Φ(β1, β2).
y
x
α1 β1
α2
β2
Remark 1.3. From the above graph, we see that I1, the first term in the
right side of the above formula, is an integral inside the square [α1, β1] ×
[α2, β2]. The second term I2 and the third term I3 are the integral along
the boundary lines [α2, β2] and [α1, β1], respectively. The fourth term I4 is
a sum at the four corner points (α1, α2), (β1, α2), (α1, β2), (β1, β2).
Thus I1 is corresponding to
∫ β
α
Φ(x)dx +
∫ β
α
Φ′(x)P1(x)dx (an integral
inside the interval [α, β]) in the Euler-MacLaurin summation formula (see
(1.4) above), while the term I2 + I3 + I4 is corresponding to the term
P1(α)Φ(α)−P1(β)Φ(β) (a sum at the boundary points of the interval [α, β])
in the Euler-MacLaurin summation formula (1.4).
The following is an integral representation of Weil’s elliptic function (1.6)
which is an analogue of Proposition 1.1 on the integral representation of the
Hurwitz-Lerch zeta function.
Corollary 1.4. Suppose (x0, y0) ∈ R
2 is the point such that x0w1+y0w2 =
−a, for arbitrary small ǫ > 0, we have
(1.14) Ek(a,W ) =
∑
(n,m)∈Z2
1
(a+ nω1 +mω2)k
= J1 + J2 + J3,
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where
(1.15)
J1 =
∫ ∞
−∞
[
1
(a+ xw1 + (y0 + ǫ)w2)k
P1(y0 + ǫ)
−
1
(a+ xw1 + (y0 − ǫ)w2)k
P1(y0 − ǫ)
+ k
w1
(a + xw1 + (y0 − ǫ)w2)k+1
P1(x)P1(y0 − ǫ)
− k
w1
(a+ xw1 + (y0 + ǫ)w2)k+1
P1(x)P1(y0 + ǫ)
]
dx,
(1.16)
J2 =
∫∫
[−∞,∞]×[y0+ǫ,∞]
[
1
(a+ xw1 + yw2)k
− k
w1
(a+ xw1 + yw2)k+1
P1(x)
− k
w2
(a+ xw1 + yw2)k+1
P1(y)
+ k(k + 1)
w1w2
(a+ xw1 + yw2)k+2
P1(x)P1(y)
]
dxdy,
and
(1.17)
J3 =
∫∫
[−∞,∞]×[−∞,y0−ǫ]
[
1
(a+ xw1 + yw2)k
− k
w1
(a+ xw1 + yw2)k+1
P1(x)
− k
w2
(a+ xw1 + yw2)k+1
P1(y)
+ k(k + 1)
w1w2
(a+ xw1 + yw2)k+2
P1(x)P1(y)
]
dxdy.
y
x
x0
y0
y0 − ǫ
y0 + ǫ
Remark 1.5. If k = 1 and k = 2, then the integral
∫∞
−∞
should be under-
stood as ∫ ∞
−∞
= lim
N→∞
∫ N
−N
.
5In Sections 2 and 3, we shall prove Proposition 1.2 and Corollary 1.4,
respectively.
2. Proof of Proposition 1.2
The following Euler-MacLaurin summation formula will be used many
times in our proof.
(2.1)∑
α<n≤β
Φ(n) =
∫ β
α
Φ(x)dx+
∫ β
α
Φ′(x)P1(x)dx+ P1(α)Φ(α)− P1(β)Φ(β).
By taking Φ(y) =
∑
α1<n≤β1
f(a+ nw1 + yw2) in (2.1), we have
(2.2)∑
α2<m≤β2
( ∑
α1<n≤β1
f(a+ nw1 +mw2)
)
=
∫ β2
α2
( ∑
α1<n≤β1
f(a+ nw1 + yw2)
)
dy
+
∫ β2
α2
( ∑
α1<n≤β1
∂f(a + nw1 + yw2)
∂y
)
P1(y)dy
+ P1(α2)
∑
α1<n≤β1
f(a+ nw1 + α2w2)
− P1(β2)
∑
α1<n≤β1
f(a+ nw1 + β2w2).
By taking Φ(x) = f(a+ xw1 + yw2) in (2.1), we have
(2.3)
∑
α1<n≤β1
f(a+ nw1 +mw2) =
∫ β1
α1
f(a+ xw1 + yw2)dx
+
∫ β1
α1
∂f(a + xw1 + yw2)
∂x
P1(x)dx
+ P1(α1)f(a+ α1w1 + yw2)
− P1(β1)f(a+ β1w1 + yw2).
By taking Φ(x) = ∂f(a+xw1+yw2)
∂y
in (2.1), we have
(2.4)
∑
α1<n≤β1
∂f(a + nw1 + yw2)
∂y
=
∫ β1
α1
∂f(a + xw1 + yw2)
∂y
dx
+
∫ β1
α1
∂2f(a+ xw1 + yw2)
∂x∂y
P1(x)dx
+ P1(α1)
∂f(a + α1w1 + yw2)
∂y
− P1(β1)
∂f(a + β1w1 + yw2)
∂y
.
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By taking Φ(x) = f(a+ xw1 + α2w2) in (2.1), we have
(2.5)
∑
α1<n≤β1
f(a+ nw1 + α2w2) =
∫ β1
α1
f(a+ xw1 + α2w2)dx
+
∫ β1
α1
∂f(a + xw1 + α2w2)
∂x
P1(x)dx
+ P1(α1)f(a+ α1w1 + α2w2)
− P1(β1)f(a+ β1w1 + α2w2).
By taking Φ(x) = f(a+ xw1 + β2w2) in (2.1), we have
(2.6)
∑
α1<n≤β1
f(a+ nw1 + β2w2) =
∫ β1
α1
f(a+ xw1 + β2w2)dx
+
∫ β1
α1
∂f(a + xw1 + β2w2)
∂x
P1(x)dx
+ P1(α1)f(a+ α1w1 + β2w2)
− P1(β1)f(a+ β1w1 + β2w2).
7Substituting (2.3), (2.4), (2.5), (2.6) into (2.2), we have
∑
α2<m≤β2
∑
α1<n≤β1
f(a+ nw1 +mw2) =
∑
α2<m≤β2
( ∑
α1<n≤β1
f(a+ nw1 +mw2)
)
=
∫ β2
α2
[∫ β1
α1
f(a+ xw1 + yw2)dx
+
∫ β1
α1
∂f(a + xw1 + yw2)
∂x
P1(x)dx
+ P1(α1)f(a+ α1w1 + yw2)
− P1(β1)f(a+ β1w1 + yw2)
]
dy
+
∫ β2
α2
[∫ β1
α1
∂f(a + xw1 + yw2)
∂y
dx
+
∫ β1
α1
∂2f(a+ xw1 + yw2)
∂x∂y
P1(x)dx
+ P1(α1)
∂f(a + α1w1 + yw2)
∂y
− P1(β1)
∂f(a + β1w1 + yw2)
∂y
]
P1(y)dy
+ P1(α2)
[∫ β1
α1
f(a+ xw1 + α2w2)dx
+
∫ β1
α1
∂f(a + xw1 + α2w2)
∂x
P1(x)dx
+ P1(α1)f(a+ α1w1 + α2w2)
− P1(β1)f(a+ β1w1 + α2w2)
]
− P1(β2)
[∫ β1
α1
f(a+ xw1 + β2w2)dx
+
∫ β1
α1
∂f(a + xw1 + β2w2)
∂x
P1(x)dx
+ P1(α1)f(a+ α1w1 + β2w2)
− P1(β1)f(a+ β1w1 + β2w2)
]
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This equals to
∫ β2
α2
∫ β1
α1
f(a+ xw1 + yw2)dxdy
+
∫ β2
α2
∫ β1
α1
∂f(a + xw1 + yw2)
∂x
P1(x)dxdy
+ P1(α1)
∫ β2
α2
f(a+ α1w1 + yw2)dy
− P1(β1)
∫ β2
α2
f(a+ β1w1 + yw2)dy
+
∫ β2
α2
∫ β1
α1
∂f(a + xw1 + yw2)
∂y
P1(y)dxdy
+
∫ β2
α2
∫ β1
α1
∂2f(a+ xw1 + yw2)
∂x∂y
P1(x)P1(y)dxdy
+ P1(α1)
∫ β2
α2
∂f(a + α1w1 + yw2)
∂y
P1(y)dy
− P1(β1)
∫ β2
α2
∂f(a + β1w1 + yw2)
∂y
P1(y)dy
+ P1(α2)
∫ β1
α1
f(a+ xw1 + α2w2)dx
+ P1(α2)
∫ β1
α1
∂f(a + xw1 + α2w2)
∂x
P1(x)dx
+ P1(α2)P1(α1)f(a+ α1w1 + α2w2)
− P1(α2)P1(β1)f(a+ β1w1 + α2w2)
− P1(β2)
∫ β1
α1
f(a+ xw1 + β2w2)dx
− P1(β2)
∫ β1
α1
∂f(a + xw1 + β2w2)
∂x
P1(x)dx
− P1(β2)P1(α1)f(a+ α1w1 + β2w2)
+ P1(β2)P1(β1)f(a+ β1w1 + β2w2).
9Finally, we have
(2.7)∑
α2<m≤β2
∑
α1<n≤β1
f(a+ nw1 +mw2) =
∫ β2
α2
∫ β1
α1
[
f(a+ xw1 + yw2)
+
∂f(a + xw1 + yw2)
∂x
P1(x)
+
∂f(a + xw1 + yw2)
∂y
P1(y)
+
∂2f(a+ xw1 + yw2)
∂x∂y
P1(x)P1(y)
]
dxdy
+
∫ β2
α2
[
f(a+ α1w1 + yw2)P1(α1)
− f(a+ β1w1 + yw2)P1(β1)
+
∂f(a + α1w1 + yw2)
∂y
P1(y)P1(α1)
−
∂f(a + β1w1 + yw2)
∂y
P1(y)P1(β1)
]
dy
+
∫ β1
α1
[
f(a+ xw1 + α2w2)P1(α2)
− f(a+ xw1 + β2w2)P1(β2)
+
∂f(a + xw1 + α2w2)
∂x
P1(x)P1(α2)
−
∂f(a + xw1 + β2w2)
∂x
P1(x)P1(β2)
]
dx
+ P1(α2)P1(α1)f(a+ α1w1 + α2w2)
− P1(α2)P1(β1)f(a+ β1w1 + α2w2)
− P1(β2)P1(α1)f(a+ α1w1 + β2w2)
+ P1(β2)P1(β1)f(a+ β1w1 + β2w2).
Notice that Φ(x, y) = f(a+ xω1 + yω2), we get our result.
3. Proof of Corollary 1.4
In this section, let
(3.1) f(a, x, y) =
1
(a+ xw1 + yw2)k
.
We have
(3.2)
∂f
∂x
(x, y) = −k
w1
(a+ xw1 + yw2)k+1
,
(3.3)
∂2f
∂x∂y
(x, y) = k(k + 1)
w1w2
(a+ xw1 + yw2)k+2
,
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(3.4)
∂f
∂y
(x, y) = −k
w2
(a+ xw1 + yw2)k+1
,
(3.5)
∂f
∂x
(N, y) = −k
w1
(a +Nw1 + yw2)k+1
and
(3.6)
∂f
∂y
(x,N) = −k
w2
(a+ xw1 +Nw2)k+1
.
We have
(3.7)
|f(a,N, y)| =
1
|a+Nw1 + yw2|k
→ 0,∣∣∣∣∂f∂x (N, y)
∣∣∣∣ = k |w1||a+Nw1 + yw2|k+1 → 0 as N →∞,
uniformly for y ∈ [α2, β2], and
(3.8)
|f(a, x,N)| =
1
|a+ xw1 +Nw2|k
→ 0,∣∣∣∣∂f∂y (x,N)
∣∣∣∣ = k |w2||a+ xw1 +Nw2|k+1 → 0 as N →∞,
uniformly for x ∈ [α1, β1].
Thus, by taking α1 = −N , β1 = N , α2 = y0+ ǫ, β2 = N and f(a, x, y) =
1
(a+xw1+yw2)k
in (2.7), then letting N →∞, we have
(3.9)∑
y0+ǫ<m<∞
∑
−∞<n<∞
1
(a+ nw1 +mw2)k
=
∫ ∞
y0+ǫ
∫ ∞
−∞
[
1
(a+ xw1 + yw2)k
− k
w1
(a+ xw1 + yw2)k+1
P1(x)
− k
w2
(a+ xw1 + yw2)k+1
P1(y)
+ k(k + 1)
w1w2
(a+ xw1 + yw2)k+2
P1(x)P1(y)
]
dxdy
+
∫ ∞
−∞
[
1
(a+ xw1 + (y0 + ǫ)w2)k
P1(y0 + ǫ)
− k
w1
(a+ xw1 + (y0 + ǫ)w2)k+1
P1(x)P1(y0 + ǫ)
]
dx.
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Similarly, we have
(3.10)∑
−∞<m≤y0−ǫ
∑
−∞<n<∞
1
(a+ nw1 +mw2)k
=
∫ y0−ǫ
−∞
∫ ∞
−∞
[
1
(a+ xw1 + yw2)k
− k
w1
(a+ xw1 + yw2)k+1
P1(x)
− k
w2
(a+ xw1 + yw2)k+1
P1(y)
+ k(k + 1)
w1w2
(a+ xw1 + yw2)k+2
P1(x)P1(y)
]
dxdy
−
∫ ∞
−∞
[
1
(a+ xw1 + (y0 − ǫ)w2)k
P1(y0 − ǫ)
+ k
w1
(a + xw1 + (y0 − ǫ)w2)k+1
P1(x)P1(y0 − ǫ)
]
dx.
Since a 6∈ W , for arbitrary small ǫ > 0, we have
(3.11)∑
(n,m)∈Z2
1
(a + nω1 +mω2)k
=
∑
y0+ǫ<m<∞
∑
−∞<n<∞
1
(a+ nw1 +mw2)k
+
∑
−∞<m≤y0−ǫ
∑
−∞<n<∞
1
(a + nw1 +mw2)k
,
from (3.9) and (3.10), we get our result.
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